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Model counting
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M(p) £ {v: Vars(p) — 2| p(v) = 1}
Task: determine |[M ()|

IM((7x7 VX3Vx ) A(X VX3 VX)) A(X]VX) A (X3 VX)) A
(X1 VX3V xy))| =7



Complexity of model counting

« Model counting (#SAT) generalizes SAT: ¢ is satisfiable iff 0 < |M(¢p)|



Complexity of model counting

« Model counting (#SAT) generalizes SAT: ¢ is satisfiable iff 0 < |[M ()|
o #P-complete, and #P is maybe harder” than NP [2:ch. 25]



Complexity of model counting

« Model counting (#SAT) generalizes SAT: ¢ is satisfiable iff 0 < |[M ()|
o #P-complete, and #P is maybe harder” than NP [2:ch. 25]

« Applications in combinatorics, probabilistic inference, Boolean function
synthesis, program synthesis [4]



Complexity of model counting

« Model counting (#SAT) generalizes SAT: ¢ is satisfiable iff 0 < |[M ()|
o #P-complete, and #P is maybe harder” than NP [2:ch. 25]

« Applications in combinatorics, probabilistic inference, Boolean function
synthesis, program synthesis [4]

« Want to solve #SAT efficiently in practice
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@ in conjunctive normal form

@ as a partitioned-operation graph
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Partitioned-operation graphs (POGs)
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Knowledge compilation: counting models
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Knowledge compilation:
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Knowledge compilation: counting models

@ Pe @ Ps Compute density M(p)

2[Vars())|




Knowledge compilation: counting models

(\®)

Compute density

M ()]
7| Vars(¢)|




Knowledge compilation: counting models

N

=
w
<

s (09 Psa)) Ps M)

Compute density

glr—i
N
o

2[Vars())|
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Data flow in a certifying toolchain

@.cnf
Certifying Code - Verified Code |
—.-|> Knowledge . —H> Proof —|> OK /
. | Compiler 1 et ~| Checker Not OK
B Knowledge Model —_.> M ()]
Compiler 2 | | Counter | | 2

. Standard approach to certification in automated reasoning (e.g. DRAT)
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Correctness

Theorem 1. If the proof checker has assembled POG P starting from input
formula ¢, then ¢ is logically equivalent to P.

Theorem 2. If the above conditions are met, the value returned by the
verified model counter is |[M(p)|.

12



Invariants as Y& ghost state Y&

structure State where
inputCnf : ICnf
clauseDb : ClauseDb Clauseldx

pog : Pog
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Invariants as Y& ghost state Y&

equivalent_clauseDb : inputCnf =~ clauseDb
partitioned : Y x : Var, partitioned (pog.get x)
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inputCnf : ICnf
clauseDb : ClauseDb Clauseldx

pog : Pog

equivalent_clauseDb : inputCnf =~ clauseDb
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def CheckerM := StateT State (Except CheckerError)

13



Intrinsic verification with do notation

def CheckerM := StateT State (Except CheckerError)

def addProd (idx : Clauseldx) (x : Var) (1s : Array ILit) : CheckerM Unit := do

14



Intrinsic verification with do notation

let st : State < get
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-- Compute variable dependencies, ensuring pairwise disjointness.
let (Ds, _) < getDepsArray 1s

let {(_, _, hDisjoint) <« disjointUnion 1s Ds

-- hDisjoint : ¥V i # j, Vars[i] n Vars[j] = 0
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Optimizing the checker




« Relatively simple Lean <> C correspondence: just look at C symbols
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« Relatively simple Lean <> C correspondence: just look at C symbols

. Half time overall spent parsing

6.13s 100.0% Os 8 v |_runCheckCmd___lambda__3 checker
3.07 s 50.0% Os 8 v |_runCheckCmd___lambda__2 checker
3.07 s 50.0% Os 8 > |_checkProof checker
3.03s 49.4% Os 8 > |_CpogStep_readDimacsFile checker

 Unit propagation heaviest in proof checking

3.07 s 100.0% Os 8 v |_checkProof checker
2.94s 95.8% 4.00 ms 8 v |_Array_forinUnsafe_loop___at_checkProof___spec__17 checker
2.62s 85.3% 10.00 ms 8 v |_checkProofStep checker
1.67 s 54.4% 2.00ms v |_delAt checker
1.37 s 44.7% Os 8 v |_checkAtWithHints checker
B

1.23 s 40.2% 2.00 ms > |_ClauseDb_unitPropWithHintsDep___at_checkAtWithHints___spec__1__ rarg checker
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Functional but in-place (FBIP)

o Purely functional + efficient = persistent data structures (Chris Okasaki.

[9])?
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Functional but in-place (FBIP)

o Purely functional + efficient = persistent data structures (Chris Okasaki.
[9])?
» No, want in-place mutation

 Functional but in-place cell reuse with reference counting [10, 11]

let st : State < get

-— If refcount(st.pog) = 1, pog' becomes st.pog mutated in-place
let pog' < addConjToPog st.pog x 1s

set { st with pog := pog', ... }

« Allows for non-persistent data structures (e.g. flat arrays in place of lists)17



Choosing data representation

 Clause database backed by hashmap
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Choosing data representation

 Clause database backed by hashmap
. Partitioned-operation graph backed by flat array

« Fast unit propagation with persistent partial assignments (Cayden R.
Codel, Marijn J. H. Heule, and Jeremy Avigad. [3])

 Ensuring refcount(..) = 1 unfortunately challenging: no static linearity
checks, so look at profile; lean_copy_expand_array should not be called a lot

18



Other optimizations

« Parsing: go lower-level than String.splitOn, minimize allocations

def bytesToNat (buf : ByteArray) (s e : Nat) : Nat := Id.run do
let mut ret : Nat = 0
for i in [s:e] do
ret := ret * 18 + (buf[i]!.val - 438)
return ret
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Other optimizations

« Parsing: go lower-level than String.splitOn, minimize allocations

def bytesToNat (buf : ByteArray) (s e : Nat) : Nat := Id.run do
let mut ret : Nat = 0
for i in [s:e] do
ret := ret * 18 + (buf[i]!.val - 438)
return ret

o Tail recursion: not crucial for speed, but ensures constant stack usage

3.08 s 100.0% Os 8 v |_runCheckCmd___lambda__3 checker
1.59s 51.7% Os 8 > |_CpogStep_readDimacsFileFast checker
1.45s 47.0% Os 8 v |_runCheckCmd___lambda__2 checker
1.45s 47.0% Os 8 v |_checkProof checker
1.32s 42.9% 3.00 ms 8 v |_Array_forInUnsafe_loop___at_checkProof___spec__17 checker
649.00 ms 21.1% 2.00ms [ v I_delAt checker
573.00 ms 18.6% 1.00 ms 8 > |_checkAtWithHints checker
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Verified checker (seconds)
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Outlook on verified programming in Lean

- With dependent types, verification feels natural
« More infrastructure and proof automation in place now than in 2022

» Verified standard library being built: no longer have to spend half the
time proving your own hashmap correct!

o Better verification for do notation upcoming, perhaps?

» No way to state loop postconditions as of now

for i in [B:n] with invariant P i do -- Not real syntax!

-- Want a proof of P (n - 1) here

Y



Outlook on efficient functional programming

Linearity is crucial, enabling in-place mutation without ST [6, 7]
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Outlook on efficient functional programming

Linearity is crucial, enabling in-place mutation without ST [6, 7]

With reference counting: static linearity checking useful, but not necessary

With garbage collection: static checking necessary
» Linear Haskell [1]
» Oxidized OCaml [8]

Linear dependent types not a solved problem

Fast reference counting with mimalloc (Lean, Koka) [5]

23



Thank you

arxiv.org/abs/2501.12906
github.com/rebryant/cpog

voidma.in | mathstodon.xyz/@Vtec234

How would you write this in Haskell?

24
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Implementing truth assignments [3]
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