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Synthetic (axiomatic) mathematics

Axiomatize an area of inquiry by viewing its basic
objects as irreducible primitives.

Byrne's Euclid © Nicholas Rougeux, CC BY-SA 4.0
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Synthetic abstract homotopy theory

Homotopy type theory (HoTT) is an axiomatization of abstract homotopy
theory. In many interesting models, types are co-groupoids.

data Bool : Type where <:]' <:]’

false true : bool

data S' : Type where
base : S
loop : base = base

Our goal: formally verified theory-model connection.



Corollary 3.9. Let X be a scheme. If X 1is reduced, the ring Ox s a field from
the internal point of view, in the sense that

Sh(X) EVs:Ox. =("s invertible ') = s = 0.

Conversely, if Ox s a field in this internal sense, then X is reduced.

From Blechschmidt [1].



Compilation pipeline

Frontend typecheck| Syntax/IR
HoTTO proof assistant » Deep embedding,
as a Lean DSL. typing rules.
interpret
Groupoid model y
% UIP untold Natural models
Abstract class of models.

Univalence for sets




Natural models



Semantics: natural models in | C°P, Set]

Let I' -5 A be a type, - I'.A the extended context,and I' g a : A a term.

Frontend

A4

Syntax

Groupoids




Semantics: natural models in | C°P, Set]

Let I' -5 A be a type, - I'.A the extended context,and I' g a : A a term.

Frontend

A4

Syntax

Groupoids




Semantics: natural models in | C°P, Set]

Let I' -5 A be a type, - I'.A the extended context,and I' g a : A a term.

Y]

Frontend

A4

Syntax

Groupoids




Semantics: natural models in | C°P, Set]

Let I' -5 A be a type, - I'.A the extended context,and I' g a : A a term.

Y]

Frontend

A4

Syntax

Groupoids




Semantics: natural models in | C°P, Set]

Let I' -5 A be a type, - I'.A the extended context,and I' g a : A a term.
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Semantics: natural models in | C°P, Set]

Let I' -5 A be a type, - I'.A the extended context,and I' g a : A a term.
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Semantics: universes

Let I' o A be a type. We have I' -7 U,, so that I" -; code A : U,.

y[[l“.A]]’l > Tm,
[al < tPo
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Semantics: universes

Let I' o A be a type. We have I' -7 U,, so that I" -; code A : U,.

y[[l“.A]]’l > Tm, Tm;,
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Semantics: universes

Let I' o A be a type. We have I' -7 U,, so that I" -; code A : U,.

YIT.A] > Tm, Tm;,
B P
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yIr] » Tyo » 1y,
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1
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Semantics: 11 types

t
The projection Tm e Ty .
defines a polynomial endofunctor [C°P, Set] 3 |C°P, Set]

such that Hom(y[[l“]],Ptp"[‘y) ~ (A : Hom(y|I'[], Ty)) x Hom(y|[I'.A], Ty).

A
Tm > Tm

I'FA [TAFB
I' - IIA.B

&9
g
g
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Semantics 1n Lean

structure NaturalModelBase (Ctx : Type u) [Category Ctx] where

Tm : Psh Ctx
Ty : Psh Ctx
tp : Tm — Ty

ext {I : Ctx} (A : y(I') — Ty) : Ctx

disp { : Ctx} (A : y(I') = Ty) : ext A =T

var { : Ctx} (A : y(I') = Ty) : y(ext A) — Tm

disp_pullback {I : Ctx} (A : y(I') — Ty) : IsPullback (var A) ym(disp A) tp A

structure UHom (M N : NaturalModelBase Ctx) extends Hom M N where
U: y(1_ Ctx) — N.Ty
Upb : 3 v : M.Ty = N.Tm, IsPullback v (yUnit_terminal.from M.Ty) N.tp U
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Presentation: MLTT stratified by universe + presuppositions

T, A

Fl_gtIA

0<b. Thpqa:U,

A, b+, B

F|_€_|_1 Ug Fl_g El a

F I_max(g,el) Zg,glA. B

6<é... TrF,A

['Fpi1codeA: Uy,

Fl_gAEB

6<b... Tr,A

', ElcodeA=A

+ axioms: set univalence & function extensionality

Frontend
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Syntactic metatheory — selected results

Theorem (admissible substitution). If ' -, J and A+ o : T, then A -, J|o].

Theorem (application inversion). If I' =, appy ¢ g(f, @) : C, then exists A
s.t. I I_maX(€,€’) f . Hg,glA.B and I’ |_€ a:AandT I_gl C = B[a]

Conjecture (X/I1 injectivity). If I' b p,40, 01y Zp,00A. B = Zyp 2 A’. B', then
', A=A"andI''A -, B = B’; and similarly for IT.

Proving judgmental equalities without QII'Ts ~ setoid hell.

? Is the standard QIIT presentation of MLTT definable with Lean quotients?

Frontend
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Frontend



Demo

hott def idfun : M {A : Type}, A = A := fun a = a

/_{1::1’
val := lam 1 8 (univ 8) (lam 8 8 (el (bvar 8)) (bvar 0)),
tp :=pi 10 (univ B8) (pi 8 8 (el (bvar B8)) (el (bvar 1))),
wf = (e-- ¢ [] F[1] val : tp) } -/

fprint idfun.checked

Y

Syntax [~ Models Groupoids




NbE-based typechecker E=m

X Verified (4 Verifying
Correctness: inductive relation between values and terms/types.

partial def evalTp (env : Q(List NbE.Val)) (T : Q(HoTT®.Expr)) :
Lean.MetaM ((v : Q(Val)) x Q(V {I A o 1}, EnvEqSb A $env o I — (T F[1] $T) —
ValEqTp A 1 $v (($T).subst 0))

No special construction (e.g. Bove-Capretta [2]) needed for termination.

Optimizations: O(0) weakening (de Bruijn levels), defunctionalized closures a la
Abel [3], proof term sharing.

? No single typing derivation needs injectivity of X/II.

-—> Syntax [ Models

Y
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Interpretation



Partial interpretation

? [T+, A] : (T : List Expr) (¢ : N) (A : Expr) —» (' =, A) — (Y[T], Ty,)

X Recursive-recursive! Not directly definable in Lean.

Instead, define [[A], , : (A : Expr) (X : €) (¢ : N) = Hom(yX, Ty,)
Soundness: if I' -, A = B, then [[A]][[F]],el and [[A]][[r]],g = [[B]][[r]],g

Formalizing “obvious” naturality laws (see Zulip discussion).

wew ! tactic, developed with Aaron Liu, now in mathlib.

Y

Y
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https://leanprover.zulipchat.com/#narrow/channel/116395-maths/topic/Natural.20equivalences.20and.20kernel.20performance/
https://leanprover-community.github.io/mathlib4_docs/Mathlib/Tactic/DepRewrite.html

Groupoid model



Model in [Grpd®°P, Set]|

y(Grpdg)

y(7r)

v

y(I) » y(Grpd=)
A

? Everything is representable; work in Grpd directly?

1. Get A : T — Grpd=®

2. Form Grothendieck construction

JA=(:T)xA®Yy)

3. This a groupoid; take A £ [ A
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Recent developments in the model

Construction of Z and II types (nearly sorry-free).

Search for best definition of 1-categorical Grothendieck constructions:

Originally defined explicitly.

Redefined to use mathlib’s 2-categorical definition: proofs too slow.

Redefined again to original, proved equivalence with 2-cat. version.

Upstreaming to mathlib: #27321.

Pervasive proof-checking performance issues.

A4

Syntax [~ Models -

Frontend



https://github.com/leanprover-community/mathlib4/pull/27320

Necessary evil

Mathlib avoids “evil” category theory: equal objects, equal functors,
isomorphic categories...

Groupoid model necessitates evil: e.g. [ A is a strict 1-pullback of categories.

Mathlib definitions not general enough: due to non-cumulativity of
universes, there is no category of x-small categories in which strict 1-
pullbacks live — we developed a MegaPullback API.

Equal functors into Cat = equal types = DTT hell.

A4
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Project status

Frontend > Syntax > Models > Groupoid model

typechecker U, 2,11, U,, 2,11, U,, 2,11,




Thank you

We welcome contributions!

 Polynomial functor theory « Injectivity of 2/I1

« Construction of Id types « Many small lemmas

Issue tracker: github.com/sinhp/groupoid_model_in_lean4


https://github.com/sinhp/groupoid_model_in_lean4/
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